ecological complexity 4 (2007) 223–233

available at www.sciencedirect.com

journal homepage: http://www.elsevier.com/locate/ecocom

Constructive effects of environmental noise in an excitable
prey–predator plankton system with infected prey
Michael Sieber a, Horst Malchow a,*, Lutz Schimansky-Geier b
a

Theoretical Systems Science, Institute of Environmental Systems Research, University of Osnabrück, Barbarastr. 12,
D-49069 Osnabrück, Germany
b
Applied Stochastic Processes, Institute of Physics, Humboldt University of Berlin, Newtonstr. 15, D-12489 Berlin, Germany

article info

abstract

Article history:

An excitable model of fast phytoplankton and slow zooplankton dynamics is considered for

Received 18 January 2007
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population is split into a susceptible (S) and an infected (I) part. Both parts grow logistically,
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limited by a common carrying capacity. Zooplankton (Z) is grazing on susceptibles and
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infected, following a Holling-type III functional response. The local analysis of the S–I–Z

Published on line 9 August 2007

differential equations yields a number of stationary and/or oscillatory regimes and their
combinations. Correspondingly interesting is the behaviour under multiplicative noise,
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modelled by stochastic differential equations. The external noise can enhance the survival

Stochastic predation-diffusion

of susceptibles and infected, respectively, that would go extinct in a deterministic environ-

system

ment. In the parameter range of excitability, noise can induce prey–predator oscillations and
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coherence resonance (CR). In the spatially extended case, synchronized global oscillations

Plankton dynamics

can be observed for medium noise intensities. Higher values of noise give rise to the

Viral infections

formation of stationary spatial patterns.
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1.

Introduction

Excitability is found in many natural systems. Examples
include chemical reactions, neural systems and cardiovascular tissues, cf. Lindner et al. (2004) for a review. One important
application in aquatic ecology is the modelling of recurrent
phytoplankton blooms that might be generated through
external excitations as temporary temperature or nutrient
peaks (Truscott and Brindley, 1994; Beltrami, 1996; Freund
et al., 2006) and that might have adverse effects on fisheries
and aquaculture (Cosper et al., 1989; Okaichi, 2004). Biological
control is one of the desirable countermeasures. There is some

evidence that viral infections might accelerate the termination of phytoplankton blooms (Suttle and Chan, 1993; Bratbak
et al., 1995; Jacquet et al., 2002; Gastrich et al., 2004). However,
there is much less known about marine viruses and their role
in aquatic ecosystems and the species that they infect, than
about plankton patchiness and blooming, for reviews, cf.
Fuhrman (1999) and Suttle (2005). Despite the increasing
number of reports, the role of viral infection in the
phytoplankton population is still far from understood.
Viral infections of phytoplankton cells can be lysogenic or
lytic. The understanding of the importance of lysogeny is just
at the beginning (McDaniel et al., 2002; Ortmann et al., 2002;
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Wilcox and Fuhrman, 1994; Jiang and Paul, 1998). There is
some evidence that many environmentally important pollutants may be inducing agents for natural lysogenic viral
production in the marine environment (Cochran et al., 1998).
Contrary to lytic infections with destruction and without
reproduction of the host cell, lysogenic infections are a
strategy whereby viruses integrate their genome into the
host’s genome. As the host reproduces and duplicates its
genome, the viral genome reproduces, too.
Mathematical models of the dynamics of virally infected
phytoplankton populations are rare as well, the already
classical publication is by Beltrami and Carroll (1994). More
recent work is of Chattopadhyay et al. (2002, 2003). The latter
deals with lytic infections and mass action incidence functions. Hilker and Malchow et al. have observed oscillations and
waves in a phytoplankton–zooplankton system with Hollingtype II (Malchow et al., 2004; Hilker and Malchow, 2006; Hilker
et al., 2006) and III (Malchow et al., 2005) grazing under
lysogenic viral infection and proportionate mixing incidence
function (frequency-dependent transmission) (Nold, 1980;
Hethcote, 2000; McCallum et al., 2001).
In this paper, we continue considering the latter case but
focus on modelling the impact of multiplicative noise
(Spagnolo et al., 2002, 2004; Allen, 2003; Anishchenko et al.,
2003; Valenti et al., 2004, 2006) on the excitable local dynamics,
i.e., noise-induced effects on interacting phytoplankton and
zooplankton with Holling-type III grazing, in the sub-excitable
parameter range in time and space.

2.

The mathematical model

The Truscott–Brindley model (1994) for the prey–predator
dynamics of phytoplankton P and zooplankton Z at time t
reads in dimensionless quantities:
e

dP
a2 P2
¼ rPð1  PÞ 
Z;
dt
1 þ b2 P2

dZ
a2 P2
¼
Z  m3 Z:
dt 1 þ b2 P2

(1)

(2)

There is logistic growth of the phytoplankton with intrinsic
rate r and Holling-type III grazing with maximum rate a2 =b2 as
well as natural mortality of zooplankton with rate m3 . The
growth rate r is scaled as the ratio of the current rate rcur and a
fictive long-term mean hri.
Excitability is found for parameter ranges where the
straight predator nullcline intersects the S-shaped prey
nullcline to the left of its minimum at the only stable
stationary solution. Intersections at the minimum or maximum of the predator nullcline lead to Hopf bifurcations, i.e.,
one finds limit cycles to the right of the minimum, etc.
The phenomenon of slow–fast predator–prey cycles in this
model has been specified by Fernández et al. (2002). However,
slow–fast cycles or processes with longer and shorter turnover
times are well known in ecosystem dynamics. Prominent
examples are forest–pest interactions with periodic massive
outbreaks of insect pests (Ludwig et al., 1978; Rinaldi and
Muratori, 1992a, b) or cyclic grazing systems with periodic

Fig. 1 – Nullclines of the Truscott–Brindley model.
Trajectories are given for e ¼ 1, e ¼ 0:5 and e ¼ 103 . Other
parameters: r ¼ 1:0, a ¼ 4:0, b ¼ 12:0, m3 ¼ 0:0525.
collapses and recoveries of the vegetation (Noy-Meir, 1975;
Rietkerk, 1998). Other sudden catastrophic regime shifts in
ecosystems with long return times have been reviewed by
Scheffer et al. (2001), Scheffer and Carpenter (2003) and
Rietkerk et al. (2004), cf. also Carpenter and Turner (2000) and
the whole Ecosystems issue including the work by Rinaldi and
Scheffer (2000) on prey–predator food chain models.
The parameter e  1 even boosts the fast prey dynamics
describing the high sensitivity and much faster response of
the phytoplankton population to environmental changes like
variations of temperature or nutrient supply. An example for
nullclines and trajectories for decreasing e after initial
perturbation of the system is shown in Fig. 1.
For e ¼ 1, the system almost immediately returns to the
stationary state. For e ¼ 0:5, the excitation of the system is
already seen. However, for e ¼ 103 , the trajectory is shot parallel
to the abscissa to the temporary maximum of phytoplankton
density at the right branch of stable solutions on the prey
nullcline. Then, it slowly moves to the maximum of the
nullcline, speedily falls back to the left stable branch and slowly
approaches the stationary point again. The corresponding
dynamics of the phytoplankton population can be seen in Fig. 2.

Fig. 2 – Corresponding phytoplankton dynamics.
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In order to model virally infected phytoplankton, the
phytoplankton population P is split into a susceptible part
X1 and an infected portion X2 . Zooplankton is simply
renamed to X3 . Then, the model system reads for symmetric
inter- and intraspecific competition of susceptibles and
infected:
dX1 ðtÞ
¼ e1 f 1 ½XðtÞ;
dt
dX3 ðtÞ
¼ f 3 ½XðtÞ;
dt

dX2 ðtÞ
¼ e1 f 2 ½XðtÞ;
dt
(3)

3.
Stationary states of the deterministic
system
Stationary and oscillatory solutions of system (3) have been
assessed in Malchow et al. (2005). Here, the model is simplified
through a convenient transformation, then describing the
dynamics of the total phytoplankton population P ¼ X1 þ X2 ,
the prevalence i ¼ X2 =P and zooplankton X3 . For r1 ¼ r2 ¼ r and
with f ðPÞ ¼ a2 P2 =ð1 þ b2 P2 Þ, the model equations read:
e

where
f 1 ¼ r1 X1 ð1  X1  X2 Þ 

a2 X1 ðX1 þ X2 Þ
1 þ b2 ðX1 þ X2 Þ2

X3  l

X1 X2
;
X1 þ X2

(4a)
e

2

f 2 ¼ r2 X2 ð1  X1  X2 Þ 

a X2 ðX1 þ X2 Þ

X1 X2
X3 þ l
X1 þ X2
1 þ b2 ðX1 þ X2 Þ2

 m2 X2 ;
f3 ¼

(4b)

a2 ðX1 þ X2 Þ2
1 þ b2 ðX1 þ X2 Þ2

X3  m3 X3 :

(4c)

X ¼ fX1 ; X2 ; X3 g is the vector of population densities.
Proportionate mixing transmission with rate l as well as
an additional disease-induced mortality of infected (virulence) with rate m2 are assumed. In the case of lytic
infection, the first term on the right-hand side of Eq. (4b)
would describe the losses due to natural mortality and
competition. Here, lysogenic infections with r1 ¼ r2 ¼ r will
be considered. The lysogenic replication cycle of viruses is
very sensitive to environmental variability and may switch
to the lytic cycle. This situation has been considered by
Hilker et al. (2006).
Furthermore, in order to study environmental fluctuations,
multiplicative noise:
Fi ðX; tÞ ¼ vi ½XðtÞji ðtÞ;

i ¼ 1; 2; 3

dP
¼ rPð1  PÞ  f ðPÞX3  m2 iP;
dt



m2 i
P
1
 f ðPÞX3 ;
¼ rP 1 
r
1  ððm2 iÞ=rÞ

(7)

di
¼ ðl  m2 Þð1  iÞi;
dt

(8)

dX3
¼ ½ f ðPÞ  m3 X3 :
dt

(9)

Because of 0  i  1 and for m2 i < r, the disease reduces
intrinsic growth rate and carrying capacity of the total prey
population. For m2 i > r, this may cause the collaps of all populations, i.e., the so-called disease-induced extinction E0 below.
Systems (7)–(9) possesses the following equilibria E ¼
fPS ; iS ; XS3 g with



dP
di 
dX3 
¼
¼
¼0:
dt X¼E dtX¼E
dt X¼E
(1) E0 ¼ f0; 0; 0g.
The trivial state is always unstable.
(2) For l > m2 , the prevalence tends to unity.
(a) E20 ¼ f0; 1; 0g.
This disease-induced extinction of the total prey
population occurs for r < m2 .

(5)
(b) E21 ¼ fPS21 ; 1; 0g with PS21 ¼ X2 ¼ 1  m2 =r.

is added to Eq. (3), where ji ðtÞ is a Gaussian white noise, i.e.,
with zero mean and delta correlation:
hji ðtÞi ¼ 0;

hji ðt1 Þji ðt2 Þi ¼ dðt1  t2 Þ;

i ¼ 1; 2; 3:

(6a)

vi ½XðtÞ is the density-dependent noise intensity. The
postulate of parenthood (Hutchinson, 1978) in population
dynamics requires this density dependence, i.e., multiplicative noise. Throughout this paper, it is chosen
vi ½XðtÞ ¼ vXi ðtÞ;

i ¼ 1; 2; 3;

v ¼ const;

(6b)

what reflects an increase of noise with growing species
numbers. In particular, such noise is originated by fluctuating mortalities. But we do not intend to specify the origin of
the noise. Different shapes of (6b) would give similar effects.
In this respect the action of the considered fluctuations in
(6b) is structurally robust and a good approximation of
environmental noise. Further on, we mention that we will
apply Stratonovich rules for the interpretation of the multiplicative white noise during simulations (Anishchenko
et al., 2003).

Only infected
ð1 þ b2 PS2
21 Þ < m3 .

survive

for

m2 < r

and

a2 PS2
21 =

(c) E22 ¼ fPS22 ; 1; XS322 g with
sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 þ b2 PS2
m3
22
; XS322 ¼
½rð1  PS22 Þ  m2 :
PS22 ¼ X2 ¼
2
2
a2 PS22
a  m3 b
Only infected and predator remain for m2 < r and
2 S2
a2 PS2
22 =ð1 þ b P22 Þ > m3 .
(3) For l < m2 , the prevalence tends to zero.
(a) E31 ¼ fPS31 ; 0; 0g with PS31 ¼ X1 ¼ 1.
Only susceptible prey species survive at their
carrying capacity for a2 =ð1 þ b2 Þ < m3 .
(b) E32 ¼ fPS32 ; 0; XS332 g with
sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 þ b2 PS2
m3
S
32
; XS332 ¼ r
ð1  PS32 Þ:
P32 ¼
2
a2 PS32
a2  m3 b

The remaining textbook example of the P–Z prey–
predator model is well studied. The solution can be a stable
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node or focus as well as, after a Hopf bifurcation, an
unstable focus bound by a stable limit cycle.
(4) For l ¼ m2 , the prevalence remains constant at its initial
value i0 > 0, and the P–Z subsystem approaches a nontrivial
equilibrium which is a degenerate stationary solution. One
eigenvalue of the Jacobian is always zero. The nontrivial
stationary state is E4 ¼ fPS4 ; i0 ; XS34 g with
sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
m3
1 þ b2 PS2
4
; XS34 ¼
½rð1  PS4 Þ  m2 i0 :
PS4 ¼
2
2
a2 PS4
a  m3 b

One can see that the transformation of the deterministic
part of model (3) to system (7)–(9) with r1 ¼ r2 ¼ r reduces the
considerations of stationarity and stability to a pseudo-twodimensional problem because the prevalence can take only
three values, i.e., zero for l < m2 , unity for l > m2 or its initial
value for l ¼ m2 . The P–Z dynamics proceeds in a plane i=const.
This simplifies the computations remarkably. For l ¼ m2 , the
initial value of the prevalence acts as an additional control
parameter that might drive the system to different dynamic
behaviour. An example for bistability is shown in Fig. 3.
For low values of m3 , we observe excitation and the
following relaxation to the non-oscillatory stable situation.
A slight increase of m3 yields the loss of excitability but
oscillations in the system. The dynamics of the prevalence
remains unchanged what is a very convenient property of
system (7)–(9).
For the investigation of the system with external noise, we
proceed with model (3).

4.

Noise-induced prey–predator oscillations

One of the most remarkable effects discovered in stochastic
excitable dynamics is the generation of oscillatory behaviour

Fig. 3 – Truscott–Brindley model with lysogenic viral
infection of phytoplankton for two different initial values
of the prevalence i but the same initial conditions for total
phytoplankton density P and zooplankton X3 . The upper
stable limit cycle is approached for i0 ¼ 0:2, the lower
stable focus for i0 ¼ 0:8. The dashed straight line connects
the upper unstable and lower stable focus. Other
parameters: r1 ¼ r2 ¼ 1:0; a ¼ 4:0; b ¼ 12:0; l ¼ m2 ¼ 0:2;
m3 ¼ 0:061; e ¼ 1.

by noisy perturbations (Treutlein and Schulten, 1986; Ebeling
et al., 1986; Sakaguchi et al., 1988; Sigeti and Horsthemke,
1989; Hillenbrand, 2002; Zaks et al., 2003) and without an
external periodic force. Excitable systems driven by noise
have a noise-induced eigenfrequency and, hence, are able to
show a stochastic limit cycle in phase space. These noisesustained oscillations are often accompanied by the phenomenon of coherence resonance (Gang et al., 1993; Longtin,
1997; Neiman et al., 1997; Pikovsky and Kurths, 1997; Pradines
et al., 1999) which corresponds to the existence of an optimal
noise intensity at which noise-induced oscillations are most
coherent. Examples for coherence resonance have been
found in neural models, laser models, models of excitable
biomembranes and even in climate models, cf. Lindner et al.
(2004) for a comprehensive review and the references therein.
Kuske et al. (2007) report on sustained oscillations through
coherence resonance in a non-excitable SIR model. Here, we
present system (3) and (5) with the following set of
parameters:
r1 ¼ r2 ¼ 1:0;

a ¼ 4:0;

m3 ¼ 0:0525;

e ¼ 103 :

b ¼ 12:0;

l ¼ m2 ¼ 0:01;

The model system is integrated using the Euler–Maruyama scheme (Maruyama, 1955; Kloeden and Platen, 1999).
The required equally distributed random numbers have
been generated by the Mersenne Twister (Matsumoto and
Nishimura, 1998), normally distributed by the Box–Muller
method (Box and Muller, 1958). For medium noise intensities one finds the wanted coherence resonance, i.e., noiseinduced prey–predator oscillations, which is seen in
Fig. 4.
A simple approach to quantify the effect of coherence
resonance is to measure the variance of the time between
two consecutive spikes for different values of noise.
Therefore the times at which the spikes occur are needed.
Taking into account that X1 , X2 and X3 pulse synchronously
and that P ¼ X1 þ X2 has a fixed peak value of P  0:8, PðtÞ
exceeding a threshold of Ps ¼ 0:5 properly indicates a spike.
With this definition, the interspike intervals are obtained as
Tk ¼ tkþ1  tk ; k ¼ 1; . . . ; sðtÞ  1, where sðtÞ is the number of
spikes in the time interval ½0; t and tk the time of the k th
spike. For the calculations, t ¼ 5000 is chosen sufficiently
large, hence the time intervals before the first and after the
last spike can be neglected.
Now let hTi denote the mean and hDT2 i ¼ hT2 i  hDTi2
the variance of the interspike interval. Then, the coefficient
of variation (Lindner et al., 2004) is defined as the
ratio:

R¼

qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
hDT2 i
hTi

:

(10)

Low values of R indicate a more coherent oscillation, e.g.,
R ¼ 0 , hDT2 i ¼ 0 corresponds to a perfectly periodic oscillation. In Fig. 5 in the upper subfigure a minimum in
coefficient of variation versus noise intensity is apparent
for a non-zero noise intensity, thus providing an indication
of coherence resonance. In order to confirm the evidence of
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Fig. 4 – Truscott–Brindley model with multiplicative noise. Noise dominance in upper and lower subfigure for v ¼ 0:005 and
0.045, respectively. Coherence resonance in the middle subfigure for v ¼ 0:02. Susceptibles: dashed line; infected: solid line;
zooplankton: dotted (upper) line.
coherence resonance, the diffusive spread of the spike
count sðtÞ:
d 1
1 hDT2 i 1 R2
hsðtÞ2  hsðtÞi2 i ¼
¼
t ! 1 dt 2
2 hTi3
2 hTi

Deff ¼ lim

Fig. 5, having a minimum corresponding to that of the coefficient of variation.

(11)

is calculated (Lindner et al., 2004). The diffusion coefficient
against the noise intensity v is shown in the lower subfigure in

5.

Spatiotemporal synchronization

In the previous section it was shown that external noise
induces oscillatory behaviour along with coherence resonance
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vinsky et al., 2002). The noise ji ðr; tÞ is now Gaussian white in
time and space:
hji ðr1 ; t1 Þji ðr2 ; t2 Þi ¼ dðt1  t2 Þdðjr1  r2 jÞ;

i ¼ 1; 2; 3:

(14)

General results state that the continuum solutions of the
presented stochastic partial differential equations driven by
space–time white noise in two spatial dimensions are not
continuous functions but only distributions (Walsh, 1986;
Lythe and Habib, 2001). Nevertheless a discrete lattice can be
used to resemble a spatially two dimensional setting. For the
numerical approximation of system (12) and (13) the domain
½0; L2 is discretized using a square grid rm;n ¼ ðmDx; nDyÞ, m; n ¼
0; . . . ; N with grid size N and uniform grid spacing
Dx ¼ Dy ¼ L=N. Periodic boundary conditions r0;n ¼ rN;n , rm;0 ¼
rm;N are applied to the grid. Space size L ¼ 10 and grid size
N ¼ 100 are fixed for the numerical experiments with
spatiotemporal white noise. This yields a grid spacing of
Dx ¼ 101 .
The system is integrated from the homogeneous steady
state using the explicit Euler–Maruyama scheme for the
stochastic interaction part and a Peaceman–Rachford alternating-direction implicit (ADI) scheme for diffusion (Peaceman and Rachford, 1955). For the noise term, random numbers
are again generated using the Mersenne Twister algorithm,
normally distributed by the Ziggurat method (Marsaglia and
Tsang, 2000).
One way to obtain first information about the spatiotemporal behaviour of the system, is to look at the spatial mean
densities:
Fig. 5 – Coefficient of variation vs. noise intensity (upper
subfigure) and diffusion coefficient vs. noise intensity
(lower subfigure).

in the excitable local dynamics. Now we move on from the
local dynamics to a spatially extended system. It is well known
that noise can give rise to remarkable constructive effects in
such systems, like regularity of spatial wave patterns (Satake
et al., 1998) or synchronized global oscillations and enhancement of stochastic and coherence resonance (Hempel et al.,
1999; Neiman et al., 1999; Hu and Zhou, 2000; Anishchenko
et al., 2003).
To investigate the spatiotemporal dynamics, elements as
described by (3) are coupled by diffusion and modeled in two
spatial dimensions by interaction–diffusion equations. The
stochastic partial differential equations read:
@Xi ðr; tÞ
¼ e1 f i ½Xðr; tÞ þ Dr2 Xi ðr; tÞ þ vXi ðr; tÞji ðr; tÞ;
@t

(12)

i ¼ 1; 2;
@X3 ðr; tÞ
¼ f 3 ½Xðr; tÞ þ Dr2 X3 ðr; tÞ þ vX3 ðr; tÞj3 ðr; tÞ
@t

(13)

with r 2 ½0; L2  R2 and f i ½Xðr; tÞ; i ¼ 1; 2; 3 as defined in (4a)–
(4c). The interaction parameters are the same as in the local
case. The diffusion coefficient is chosen as D ¼ 5 102 to
describe processes on a kilometre scale (Okubo, 1971; Med-

hXi iðtÞ :¼

N
1 X
Xi ðrm;n ; tÞ:
2
N m;n¼1

(15)

In Fig. 6, the time traces of the averaged variables are
shown for two representative values of noise strength. As for
the local case, one finds recurrent noise-induced outbursts if a
minimum noise threshold v  0:015 is exceeded, again
indicated through spike trains. When comparing the temporal
behaviour of single elements of the lattice to the spatial mean,
one finds hXi iðtÞ  Xi ðrm;n ; tÞ at all points rm;n for the interspike
intervals and during a spike. Significant differences occur only
for the short time periods at the onset and the expiration of a
spike, due to the diffusive spreading of the local initial
excitations. Thus, one may already guess that the spikes of the
averaged variables correspond to a global excitation at all
points rm;n .
Moreover, the oscillation is clearly more coherent in the
lower subfigure of Fig. 6 than in the case of a single
uncoupled element of Fig. 4. To confirm this observation,
as in the local case the diffusive spreading of the spike count
of several randomly chosen lattice elements Xi ðrm;n ; tÞ versus
noise intensity is calculated. One finds a minimum of
Deff  4 106 for all reference elements at noise intensity
v ¼ 0:04. This is significantly lower than the minimum Deff of
a single uncoupled element, which is about Deff ¼ 4:5 104
at v ¼ 0:017. Since the entire grid oscillates very synchronously, all elements show enhanced coherence due to
coupling (Hempel et al., 1999; Neiman et al., 1999; Hu and
Zhou, 2000).
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Proceeding to the spatiotemporal behaviour itself, Fig. 7
shows the typical evolution of a global excitation for the
variable X1 . For low values of noise, a single random element
fires and the excitation spreads diffusively over the whole
domain. For the rather strong coupling used in the simulations, a state of global excitation is reached well before the
system drops back to the homogeneous rest state. For higher
values of noise more elements fire synchronously and the
state of global excitation is reached faster.
The excitation of single grid points as pacemakers is crucial
for the development of global oscillations. Now, since every
element on the lattice is diffusively coupled to its neighbours
but subject to spatially uncorrelated perturbations, one has to
take into account that for the case of spatial white noise the
described effect depends on the size N of the lattice, and thus
on the grid spacing Dx. However, control simulations in one
and two spatial dimensions using noise which is still white in
time but having a positive spatial autocorrelation also exhibit
spatiotemporal synchronization of noise induced oscillations.
For this simulations finer grid spacings down to Dx ¼ 5 103
for the one-dimensional and Dx ¼ 5 102 for the twodimensional case have been used. This corroborates the
observations presented in this section and spatially autocorrelated disturbances are also ecologically reasonable
(Ranta et al., 1999).

6.

Fig. 6 – Temporal behaviour of the mean densities for noise
intensities v ¼ 0:015 (upper subfigure) and v ¼ 0:04 (lower
subfigure). Susceptibles: dashed line; infected: solid line;
zooplankton: dotted (upper) line.

Stationary spatial patterns

Using the same numerical setting as presented at the
beginning of the previous section, the spatiotemporal behaviour changes significantly if a critical noise level of v  0:05 is
exceeded. Stationary spatial patterns arise on the discrete
lattice from noise induced inhomogeneities in the synchronized global behaviour. The process of pattern formation

Fig. 7 – Typical spatiotemporal evolution of a global excitation for X1 . Noise intensity is v ¼ 0:015 (upper row) and v ¼ 0:04
(lower row). Gray level corresponds to population density (darker for higher density). 100 100 grid with periodic boundary
conditions.
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Fig. 8 – Development of stationary spatial patterns. Noise intensity v ¼ 0:06 (upper row) and v ¼ 0:1 (lower row). Gray level
corresponds to population density (darker for higher density). 100 100 grid with periodic boundary conditions.

starts with local patches of higher population densities
surviving after a global excitation due to combined effects
of slow–fast predator–prey interaction, strong noise and
diffusion. The densities of the susceptibles and infected
surrounding the patch do not relax back to their actual rest
states, but are pushed below these due to the higher
zooplankton density in the vicinity of those patches. Since

the phytoplankton densities in this area are now too low to
become excited again by noisy perturbations, a neighbourhood of an initial patch does not take part in the next global
excitation. This leads to an interspace with low population
densities. The phytoplankton densities are highest at the
edges of the excited parts of the domain and once these parts
drop back to the rest state, the edges also remain locked in the

Fig. 9 – Transects through the grid points r50;n corresponding to the snapshots shown in the upper row of Fig. 8. Logarithmic
scale for population densities. Zooplankton: dotted (upper) line, susceptibles: solid line. The deterministic rest state of the
susceptibles is indicated by the horizontal dashed line. Note in the upper right picture that susceptible densities are highest
at the edge of the excited portion of the domain.
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excited state. This phenomenon of population densities being
highest at the edge of a sharply bounded excited patch has
already been investigated by Hastings et al. (1997) in order to
explain field observations of outbreaks in an insect hostparasitoid system (Maron and Harrison, 1997; Brodmann et al.,
1997).
The process as described above repeats until stationary
spatial structures of high population densities cover the whole
domain, not allowing the population to become excited in the
space between these patches. When the noise strength is not
too high, single patches initialize the process of pattern
formation, giving rise to concentric structures. The typical
development of such circular patterns is shown in the upper
row of Fig. 8. In Fig. 9 population densities for a transect
through the center of the domain are shown, which
correspond to the top views in the upper row of Fig. 8. These
profiles illustrate the pattern forming process with excited
patches conterminous to regions of low population densities.
In Fig. 10, a projection of the three dimensional phase space
onto the total phytoplankton–zooplankton plane is shown
which corresponds to the rightmost subfigure of the upper row
in Fig. 8. The dots represent single elements on the discrete
spatial lattice, which drift apart due to the noisy perturbations
forming a cloud in phase space. Initially the cloud is located
around the stationary state fPS4 ; XS34 g  f0:079; 1:38g in the lower
left corner. If the noise is strong enough at some time single
grid points become excited what in phase space corresponds
to a fast movement along the deterministic trajectory to the
right. Since all lattice elements are locally diffusively coupled
the cloud follows these pacemakers to reach a temporary
global phytoplankton maximum at all grid points. The cloud
then slowly moves upwards to reach the corresponding
zooplankton maximum, subsequently falls back to low
phytoplankton densities and completes a cycle after moving
slowly down the left branch of the deterministic trajectory. If
the noise is not too strong, the whole cloud repeats this cycle

again and again resulting in spatiotemporal synchronized
oscillations as described in the previous section. At high noise
intensities, however, the perturbations drive the cloud more
and more apart which is eventually split up in two, forming
distinct portions at high and low phytoplankton densities,
respectively.
For even higher noise intensities, the global excitations
become more and more inhomogeneous and fragmented
patterns as in the lower row of Fig. 8 arise. The population
densities at those patches and in the space between them still
fluctuate due to the noise, but the global spatial patterns do not
change for the simulated time interval. One may note, that
circular patterns as described above can also be obtained at
noise intensities below the critical threshold of v  0:05 by
placing an initial patch of fixed high phytoplankton density as
an artificial seed in the domain. That is, the pattern development seems to be independent of the noise strength, as long as it
is strong enough to induce global excitations on the lattice.
The situation remembers also of the growth of Turing
structures in noisy activator–inhibitor dynamics. Recently,
Sailer et al. (2006) have reported on a similar subsequent
growth of Turing patterns if an activator–inhibitor model is
driven from outside by a dichotomic process. An initial
nucleus of the pattern occurring due to noise grows by every
flip of the dichotomic force. In our situation the role of this
external perturbation is taken over by the noise-induced
global oscillations of the surrounding medium.
As mentioned in the previous section, the onset of global
excitations depends on the chosen grid spacing if spatial white
noise is used to perturb the system. Additional simulations
indicate, that this can be circumvented by using spatially
correlated noise. In contrast to this and independent of the
spatial correlation of the environmental noise, the formation
of stationary patterns as described in this section can only be
observed, if for a given diffusion coefficient D the grid spacing
is not too small. This is due to the fact, that the spatial patterns
correspond to a noise-induced splitting of the cloud in phase
space as shown in Fig. 10. This is only possible, if the internal
cohesion of the cloud is limited. Since for a given strength of
local diffusive coupling D this cohesion increases with
decreasing grid spacing, there is a lower bound for Dx which
determines whether stationary spatial patterns are likely to
emerge.

7.

Fig. 10 – Projection of the phase space onto the total
phytoplankton–zooplankton plane for noise intensity
v ¼ 0:06 and time t ¼ 200. Every dot represents a single
element rm;n on the spatial lattice and its respective
position in phase space. A deterministic trajectory is given
by the dashed line. Insets show the corresponding spatial
distributions of susceptibles and zooplankton.
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Conclusions

A conceptual biomass-based model of phytoplankton–zooplankton prey–predator dynamics has been investigated for
temporal, spatial and spatiotemporal dissipative pattern
formation in a deterministic and noisy environment, respectively. It has been assumed that the phytoplankton is partly
virally infected and the virus has a lysogenic replication cycle,
i.e., also the infected phytoplankton is still able to reproduce.
Holling-type III zooplankton grazing has been considered in
order to study the interplay of excitability, infection and noise.
It has been shown in a previous paper (Malchow et al., 2005)
that equal growth rates of susceptibles and infected lead to the
situation that, in a non-fluctuating environment, the ratio of
virulence and transmission rate of the infection controls
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coexistence, survival or extinction of susceptibles and infected,
respectively. Here, in a narrow range of medium noise intensity,
the fluctuating environment has induced coherence resonance
which is a first example of noise-induced prey–predator
oscillations in an eco-epidemiological model system (Malchow
and Schimansky-Geier, 2006). Environmental stress is obviously
capable of stimulating catastrophic shifts in the dynamics of
ecosystems, here, the recurrent generation of phytoplankton
blooms. This is also seen in space. The spatiotemporal lattice
dynamics of the presented model exhibits several interesting
features at different ranges of noise intensity. This includes
spatially synchronized oscillations, enhanced coherence resonance and the formation of stationary spatial patterns. Forthcoming work has to investigate the presented process of pattern
formation, which seems to depend on the combined effects of
noisy perturbations of a slow–fast system, the strength of local
coupling and excitability.
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